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Abstract
We give a condition which is sufficient for the two-weight (p, q) inequalities for commutators of potential
type integral operators.
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1. Introduction
For a non-negative, locally integrable function Φ on Rn, define the potential type operator TΦ
by
TΦf (x) =
∫
Rn
Φ(x − y)f (y) dy.
Although the basic example is provided by the Riesz potentials or fractional integrals Iα , defined
by the kernel Φ(x) = |x|α−n, 0 < α < n, there are other important examples such as the Bessel
potentials. They are denoted by Jβ,λ, β,λ > 0, and the kernel Φ(x) = Kβ,λ(x) is best defined by
means of its Fourier transform K̂β,λ(ξ) = (λ2 + |ξ |2)−β/2.
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stants δ, c > 0,0 ε < 1 with the property that for all k ∈ Z,
sup
2k<|x|2k+1
Φ(x) c
2kn
∫
δ(1−ε)2k<|y|2δ(1+ε)2k
Φ(y)dy. (1)
Associated to any kernel Φ , we denote by Φ˜ the positive function defined for t  0,
Φ˜(t) =
∫
|z|<t
Φ(z) dz.
The study of weighted inequalities for the potential type operators is relevant to many applica-
tions in partial differential equations and quantum mechanics. For the weighted inequalities for
Riesz potentials Iα and their commutators with BMO functions, we refer the readers to [3,5,9,10]
and the related papers for further information. For the two-weight problem of general potential
operator TΦ with Φ satisfying the condition (1), in [7] Pérez gave some sufficient conditions on
weights (u, v) such that the strong type (p, q), 1 < p  q < ∞, inequality( ∫
Rn
(∣∣TΦf (y)∣∣u(y))q dy)1/q  C( ∫
Rn
(∣∣f (y)∣∣v(y))p dy)1/p
holds for appropriate f . His results sharpen and unify the results in [2,11].
Let 1 < p  q < ∞, b ∈ BMO, and Φ satisfy (1), the higher order commutators of TΦ are
defined by
T
b,m
Φ f (x) =
∫
Rn
(
b(x) − b(y))mΦ(x − y)f (y) dy, (2)
where m = 0,1,2, . . . .
In this paper, using the technique developed by Pérez [7], we give a sufficient condition
in terms of Orlicz bumps for the two-weight strong type (p, q) inequalities for the commuta-
tors T b,mΦ .
2. Preliminaries and main results
We will need the following facts about Orlicz spaces, for further information see [1]. A func-
tion B : [0,∞) → [0,∞) is a Young function if it is convex and increasing, and if B(0) = 0 and
B(t) → ∞ as t → ∞. A Young function B is doubling if there exists a positive constant C such
that B(2t) CB(t) for all t > 0. If A,B are two Young functions, we write A(t) ≈ B(t) if there
are constants c, c1, c2 > 0 with c1A(t)  B(t)  c2A(t) for t > c. Given a Young function B ,
define the mean Luxemburg norm of f on a cube Q by
‖f ‖B,Q = inf
{
λ > 0:
1
|Q|
∫
Q
B
( |f (y)|
λ
)
dy  1
}
.
For a given Young function B , there exists a complementary Young function B such that
t  B−1(t)B−1(t) 2t.
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‖f ‖B,Q  inf
s>0
{
s + s|Q|
∫
Q
B
( |f (x)|
s
)
dx
}
 2‖f ‖B,Q. (3)
Given three Young functions A,B and C such that for all t > 0,
A−1(t)C−1(t) B−1(t),
then we have the following generalized Hölder inequality due to O’Neil [6]: for all functions f
and g and for any cube Q,
‖fg‖B,Q  2‖f ‖A,Q‖g‖C,Q. (4)
In particular, given any Young function B ,
1
|Q|
∫
Q
∣∣f (x)g(x)∣∣dx  2‖f ‖B,Q‖g‖B,Q. (5)
Given a Young function B , define the associated Orlicz maximal operator by
MBf (x) = sup
Qx
‖f ‖B,Q.
The dyadic maximal operator MdB is defined similarly, except the supremum is restricted to
dyadic cubes containing x.
Lemma 2.1. [8] For 1 < p < ∞, let B be a doubling Young function. Then
∞∫
c
B(t)
tp
dt
t
< ∞
if and only if MB is Lp(Rn) bounded operator.
The main example that we are going to use is Bm(t) = t log(e + t)m, m = 1,2, . . . . For the
Young function Bm, we denote the mean Luxemburg norm of f on a cube Q by ‖f ‖L(logL)m,Q,
and the corresponding Orlicz maximal function by ML(logL)m . The complementary Young func-
tion of Bm is given by Bm(t) ≈ et1/m , with the corresponding mean Luxemburg norm and
maximal function being denoted by ‖f ‖expL1/m and MexpL1/m , respectively.
Our main result is the following theorem.
Theorem 2.2. Given 1 < p  q < ∞ and m 0 an integer, let Am, A˜m, Cm and C˜m be Young
functions such that Am and A˜m satisfy conditions
∞∫
c
Am(t)
tp
dt
t
< ∞,
∞∫
c
A˜m(t)
tq
′
dt
t
< ∞, (6)
and
A−1m (t)C−1m (t) B−1m (t), A˜−1m (t)C˜−1m (t) B−1m (t), (7)
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b ∈ BMO. If the pair of weights (u, v) is such that, for some positive constant K and for any
cube Q,
Φ˜
(
l(Q)
)|Q|1/q−1/p‖u‖
C˜m,Q
∥∥v−1∥∥
Cm,Q
K, (8)
then the commutator T b,mΦ satisfies the strong type (p, q) inequality( ∫
Rn
(∣∣T b,mΦ f (y)∣∣u(y))q dy
)1/q
C
( ∫
Rn
(∣∣f (y)∣∣v(y))p dy)1/p. (9)
For 0 < α < n the case Φ(x) = |x|α−n corresponds to the Riesz potential of order α. In this
case Φ˜(t) ∼= tα . By Theorem 2.2, we have the following corollary:
Corollary 2.3. Given 1 < p  q < ∞, 0 < α < n and m 0 an integer, let Am, A˜m, Cm and C˜m
be Young functions such that Am and A˜m satisfy conditions
∞∫
c
A˜m(t)
tq
′
dt
t
< ∞,
∞∫
c
Am(t)
tp
dt
t
< ∞,
and
A−1m (t)C−1m (t) B−1m (t), A˜−1m (t)C˜−1m (t) B−1m (t),
where Bm(t) = t log(e + t)m. Let
I b,mα f (x) =
∫
Rn
(b(x) − b(y))m
|x − y|n−α f (y) dy
be the commutator of Iα and b ∈ BMO. If the pair of weights (u, v) is such that, for some positive
constant K and for any cube Q,
|Q|α/n+1/q−1/p‖u‖
C˜m,Q
∥∥v−1∥∥
Cm,Q
K,
then ( ∫
Rn
(∣∣I b,mα f (y)∣∣u(y))q dy
)1/q
C
( ∫
Rn
(∣∣f (y)∣∣v(y))p dy)1/p.
For 1 < p < ∞, an example of Young functions Am and Cm which satisfy the conditions (6)
and (7) given by Cruz-Uribe and Pérez [4] is
Am(t) = tp log(e + t)−(1+δ(p−1)), δ > 0,
and
Cm(t) = tp′ log(e + t)(m+1)p′−1+δ.
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In order to prove Theorem 2.2, we need the following generalized Calderón–Zygmund de-
composition.
Lemma 3.1. [8] Given a doubling Young function B , suppose f is a non-negative function such
that ‖f ‖B,Q tends to zero as l(Q) tends to infinity. Then for each t > 0 there exists a disjoint
collection of maximal dyadic cubes {Qt,j } such that for each j , t < ‖f ‖B,Qt,j  2nt , and{
x ∈ Rn: MdBf (x) > t
}=⋃
j
Qt,j ,
{
x ∈ Rn: MBf (x) > 4nt
}⊂⋃
j
3Qt,j .
The collection of dyadic cubes {Qt,j } is referred to as the Calderón–Zygmund decomposition of
f with respect to B at height t .
We fix a constant a > 2n, and for each integer k we let
Ωk =
{
x ∈ Rn: MBf (x) > 4nak
}
, Dk =
{
x ∈ Rn: MdBf (x) > ak
}
.
Hence, by Lemma 3.1 with t = ak there is a family of maximal non-overlapping dyadic cubes
{Qk,j } for which Dk =⋃j Qk,j , Ωk ⊂⋃j 3Qk,j , and ak < ‖f ‖B,Qk,j  2nak.
Lemma 3.2. [8] Suppose a > 2n. For all integers k, j we let Ek,j = Qk,j \ Qk,j ∩ Dk+1. Then
{Ek,j } is a disjoint family of sets which satisfies
|Qk,j | 11 − 2n/a |Ek,j |.
Proof of Theorem 2.2. Since the set of bounded functions with compact support is dense in
Lp(up), it is enough to show that there is a constant C such that( ∫
Rn
(∣∣T b,mΦ f (y)∣∣u(y))q dy
)1/q
 C
( ∫
Rn
(∣∣f (y)∣∣v(y))p dy)1/p
for each bounded function with compact support f . By duality, this is equivalent to∫
Rn
u(y)
∣∣T b,mΦ f (y)g(y)∣∣dy  C
( ∫
Rn
∣∣v(y)f (y)∣∣p dy)1/p( ∫
Rn
∣∣g(y)∣∣q ′ dy)1/q ′ , (10)
for all bounded functions with compact support f,g.
We set for each t > 0,
Φ(t) = sup
t<|y|2t
Φ(y),
and
Φ(t) = 1
tn
∫
δ(1−ε)t<|y|2δ(1+ε)t
Φ(y)dy,
where δ, ε are the numbers in (1). Following [7], we can discretize the operator T b,m as follows:Φ
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∣∣∣∣∑
ν∈Z
∫
2−ν−1<|z−y|2−ν
(
b(y) − b(z))mΦ(y − z)f (z) dz∣∣∣∣

∑
ν∈Z
Φ
(
2−ν−1
) ∫
|z−y|2−ν
∣∣b(y) − b(z)∣∣m∣∣f (z)∣∣dz
=
∑
ν∈Z
∑
Q: l(Q)=2−ν
χQ(y)Φ
(
2−ν−1
) ∫
|z−y|2−ν
∣∣b(y) − b(z)∣∣m∣∣f (z)∣∣dz.
The ball B(y,2−ν) is covered by the cube 3Q if y ∈ Q and l(Q) = 2−ν . Hence
∣∣T b,mΦ f (y)∣∣∑
Q
Φ
(
l(Q)
2
) m∑
l=0
(
m
l
)∣∣b(y) − bQ∣∣m−lχQ(y)∫
3Q
∣∣b(z) − bQ∣∣l∣∣f (z)∣∣dz,
where bQ = 1|Q|
∫
Q
b(z) dz. Then, by the Hölder inequality (5) and the John–Nirenberg theorem,
we have∫
Rn
u(y)
∣∣T b,mΦ f (y)g(y)∣∣dy

∑
Q
m∑
l=0
(
m
l
)∫
Q
∣∣b(y) − bQ∣∣m−l∣∣g(y)∣∣u(y)dy · Φ( l(Q)2
)∫
3Q
∣∣b(z) − bQ∣∣l∣∣f (z)∣∣dz

∑
Q
m∑
l=0
(
m
l
)
|Q|∥∥(b − bQ)m−l∥∥
expL
1
(m−l) ,Q
‖ug‖L(logL)m−l ,Q
· Φ
(
l(Q)
2
)
|3Q|∥∥(b − bQ)l∥∥
expL
1
l ,3Q
‖f ‖L(logL)l ,3Q

∑
Q
m∑
l=0
(
m
l
)
|Q|‖b − bQ‖m−lexpL,Q‖ug‖L(logL)m−l ,Q
· Φ
(
l(Q)
2
)
|3Q|‖b − bQ‖lexpL,3Q‖f ‖L(logL)l ,3Q
 C‖b‖mBMO
∑
Q
m∑
l=0
‖ug‖L(logL)m−l ,Q|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)l,3Q
 C‖b‖mBMO
∑
Q
‖ug‖L(logL)m,Q|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q.
Since g has compact support, for the Young function Bm(t) = t log(e + t)m, we have
‖ug‖Bm,Q → 0 as l(Q) → ∞. For a constant a > 2n and an integer k, by Lemma 3.1 with
t = ak there is a family of maximal non-overlapping dyadic cubes {Qk,j } for which
ak < ‖ug‖L(logL)m,Qk,j  2nak.
For each integer k we let
Ck =
{
Q ∈ Δ: ak < ‖ug‖L(logL)m,Q  ak+1
}
.
W. Li / J. Math. Anal. Appl. 322 (2006) 1215–1223 1221Every dyadic cube Q for which ‖ug‖L(logL)m,Q = 0 belongs to exactly one Ck . Furthermore, if
Q ∈ Ck , it follows that Q ⊂ Qk,j for some j . Then∫
Rn
u(y)
∣∣T b,mΦ f (y)g(y)∣∣dy
 C‖b‖mBMO
∑
k∈Z
∑
Q∈Ck
‖ug‖L(logL)m,Q|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q
 C‖b‖mBMO
∑
k∈Z
ak+1
∑
j∈Z
∑
Q∈Ck : Q⊂Qk,j
|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q
 C‖b‖mBMO
∑
k,j
‖ug‖L(logL)m,Qk,j
∑
Q: Q⊂Qk,j
|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q
 C‖b‖mBMO
∑
k,j
‖ug‖L(logL)m,Qk,j Φ˜
(
δ(1 + ε)l(Qk,j )
)|3Qk,j |‖f ‖L(logL)m,3Qk,j ,
where the last inequality will follow if we show that there is a constant C such that for any dyadic
cube Q0,∑
Q: Q⊂Q0
|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q
 CΦ˜
(
δ(1 + ε)l(Q0)
)|3Q0|‖f ‖L(logL)m,3Q0 . (11)
However, if l(Q0) = 2−ν0 , then∑
Q: Q⊂Q0
|Q| · Φ
(
l(Q)
2
)
|3Q|‖f ‖L(logL)m,3Q
=
∑
νν0
∑
l(Q)=2−ν
Q⊂Q0
2−νnΦ
(
2−ν−1
)|3Q|‖f ‖L(logL)m,3Q
=
∑
νν0
2−νnΦ
(
2−ν−1
) ∑
l(Q)=2−ν
Q⊂Q0
|3Q|‖f ‖L(logL)m,3Q. (12)
By inequality (3), we have
∑
l(Q)=2−ν
Q⊂Q0
|3Q|‖f ‖L(logL)m,3Q 
∑
l(Q)=2−ν
Q⊂Q0
|3Q| inf
μ>0
{
μ + μ|3Q|
∫
3Q
B
( |f (z)|
μ
)
dz
}
 inf
μ>0
{
|3Q0|μ + Cμ
∫
3Q0
B
( |f (z)|
μ
)
dz
}
 C|3Q0| inf
μ>0
{
μ + μ|3Q0|
∫
3Q0
B
( |f (z)|
μ
)
dz
}
 C|3Q0|‖f ‖L(logL)m,3Q0 ,
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then ∑
νν0
2−νnΦ
(
2−ν−1
)
 C
∑
νν0
2−νnΦ
(
2−ν−1
)
= C
∑
νν0
∫
δ(1−ε)2−ν−1<|y|δ(1+ε)2−ν
Φ(y)dy
 C
∫
|y|δ(1+ε)2−ν0
Φ(y)dy
= CΦ˜(δ(1 + ε)l(Q0)),
again because the overlap is finite. Combining this and (12) yields inequality (11). Let ρ =
max{δ(1 + ε),3}, then∫
Rn
u(y)
∣∣T b,mΦ f (y)g(y)∣∣dy
 C‖b‖mBMO
∑
k,j
‖ug‖L(logL)m,Qk,j Φ˜
(
ρl(Qk,j )
)‖f ‖L(logL)m,3Qk,j |3Qk,j |
 C‖b‖mBMO
∑
k,j
‖ug‖L(logL)m,ρQk,j Φ˜
(
ρl(Qk,j )
)‖f ‖L(logL)m,ρQk,j |Qk,j |.
The Hölder inequality (4) together with hypothesis (8) allows to estimate the last sum by a
multiple of∑
k,j
‖g‖
A˜m,ρQk,j
‖u‖
C˜m,ρQk,j
‖f v‖Am,ρQk,j
∥∥v−1∥∥
Cm,ρQk,j
Φ˜
(
l(ρQk,j )
)|Qk,j |
K
∑
k,j
‖g‖
A˜m,ρQk,j
‖f v‖Am,ρQk,j |Qk,j |1/p+1/q
′
.
Now, by using Hölder inequality, Lemma 3.2 and then that p  q , we can follow our chain of
inequalities with
K
(∑
k,j
‖g‖p′
A˜m,ρQk,j
|Qk,j |p′/q ′
)1/p′(∑
k,j
‖f v‖pAm,ρQk,j |Qk,j |
)1/p
K
(∑
k,j
‖g‖q ′
A˜m,ρQk,j
|Qk,j |
)1/q ′(∑
k,j
‖f v‖pAm,ρQk,j |Qk,j |
)1/p
K
(∑
k,j
‖g‖q ′
A˜m,ρQk,j
|Ek,j |
)1/q ′(∑
k,j
‖f v‖pAm,ρQk,j |Ek,j |
)1/p
K
(∑
k,j
∫
E
‖g‖q ′
A˜m,ρQk,j
dy
)1/q ′(∑
k,j
∫
E
‖f v‖pAm,ρQk,j dy
)1/pk,j k,j
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(∑
k,j
∫
Ek,j
M
A˜m
g(y)q
′
dy
)1/q ′(∑
k,j
∫
Ek,j
MAm(f v)(y)
p dy
)1/p
K
( ∫
Rn
M
A˜m
g(y)q
′
dy
)1/q ′( ∫
Rn
MAm(f v)(y)
p dy
)1/p
 C
( ∫
Rn
g(y)q
′
dy
)1/q ′( ∫
Rn
(
f (y)v(y)
)p
dy
)1/p
.
This concludes the proof of Theorem 2.2. 
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